Recitation notes

April 29, 2008

1 Convex conjugates
1.1 If f (xla X2y ... ,.In) = Z@nil 9; (ZL’Z), then f* <y17y27 CIE ayn) = Z?il g;k (yl)
By the definition of a convex conjugate of a function g; : R™ — R:

9 (y) = sw(y'z—gi(2))

While:

= sup

f* (y17y27~~'ayn) = sup (

Since, in the supremum, the z;s are “independent”:

n
[ Wy, oum) = ZSUP (y?wi—gi (%))
i=1 i

1.2 For convex f:R" - R, f*=f

Suppose that f: R™ — R is convex. Its convex conjugate f* is then given by:

And its “double conjugate” f** by:

[ () = sup (z"y— ()

= sup <zTy — sup (y'e—f (37))>

Y

= sw inf (f (z) —y" (z - 2))



Since we may always choose © = z, we see that f () is an element of the infimum, so inf,, (f (x) —yT (z — z)) < f(z)
for all z, which implies that f** (z) < f (2).

Next, note that since f is convex, we’ll have that it is bounded below by any supporting hyperplane. In particular,
f(x) > f(2)+w? (x — 2) for some w. Choosing y = w gives that:
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inf (/ () — 47 (z — 2))

x

> f(2)

Hence, sup,, inf, (f (z) —y* (z — z)) > f (2) for all z, which implies that f** (z) > f (z). Important: this argument
hinges on the existence of a supporting hyperplane of f which intersects (z, f (z)) for all 2 € R™. Any convex
function f : R® — R must be continuous, so such a hyperplane exists. However, a convex function f : R® — R
(where R is the extended reals: the real numbers, along with +00) need not be continuous (why?), so if we make
even slightly different assumptions about f, the argument may stop working.

Combining these results gives that f** (z) = f (2).

1.3 Convex conjugates and norms

Recall from an earlier recitation that norms are convex.

1.3.1 Dual norms

Let ||| : R™ — R be a norm. Then the dual norm |-||* : R* — R is defined as:
lz]|” = sup [y"z|
llyll<1

Note that the above supremum must be achieved, since it is a supremum of a continuous function over a compact
set (the closed unit ball), and furthermore, that any y which maximizes this supremum must have ||y|| = 1. Further
note that a general version of “Hélder’s inequality” follows from this definition, since |y”z| < [|z||" when |y|| < 1,

() =

1.3.2 Example: [P norms

so that <zl = |yT=| < ||yl lz||" for all y € R™.

For the [? norms for 1 < p < oo, we’ll have that ||H; = |ll, (where % + % = 1), since by Holder’s inequality,

lyTz| < [yll, [lz[l,, so that supy,; < lyTz| < |||, This supremum is in fact achieved, since if we let z; = |2 |97
»<
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2Tz = Zzi\xi\
i=1
n
= > |ul
i=1

= |lzllg

While:
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The above because % + % =1= pg=p+ q. Hence:
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Showing that 27z = 21l |z, Letting y = ToT; gives that [yll, =1, and yle = [vll, [lzl,. so that the supremum
P

in Holder’s inequality is achieved, showing that |||, = [|-||,-

1.3.3 Boyd and Vandenberghe, example 3.26

Let ||-| : R™ — R be a norm, and f (z) = ||-|. We will find the convex conjugate f* (y) = sup, (y'z — f (z)).

Suppose that |ly||* > 1. Then, by the fact that the supremum defining the dual norm is achieved, there must exist
a z with ||z|| <1 such that |2”y| > 1. Choosing z = tz gives that:

ylz—fz) = ty"z—|tf |z
Since m = }zTy‘ > 1, we may make ty” z greater than |t| by choosing the sign of ¢ appropriately, showing that there
exists a t > 1 such that:
yle—f(z) > tim—|=l)

Since ||z]] < 1 and m > 1, we will have that m — ||z|| > 0, so that the above may be made arbitrarily large, by
choosing ¢ large. Hence, if ||y|* > 1:

"y = o

Now suppose that ||y[|* < 1. Then, by the analogue to Hélder’s inequality, we’ll have that |y"z| < |ly[|" [|=]| < ||=|
for all z. Hence:

y'r—f(x) ]l = [l

0

w



Choosing = = 0 gives that y7z — f (z) =0 — HﬁH =0, so this shows that, if ||y||" < 1:

ffly) =0
Combining these results:

fly) = { 0 if [lyl|" <1

00 if |ly]|*>1

1.3.4 Boyd and Vandenberghe, example 3.27

Now let f (z) = 4 [|z||>. We will find the convex conjugate f* (y) = sup, (y7z — f (x)).

By the analogue to Hélder’s inequality, we’ll have that y”z < |y"z| < ||y||" ||z|| for all z. Hence:

* 1 2
viz—f@) < izl = 5 ll=]

This is a quadratic function in ||z||, which is maximized when ||z|| = |ly||*. Of course, an x satisfying this condition
must exist, so:

ffly) = sup (y"z— f(2))
(lylI*)?

<

N |

For the other direction, let y be fixed, and choose z with ||z|| = 1 which maximizes the supremum |y||* =
sup =1 |27y (recall from section 1.3.1 that such a z must exist). Let = = sign (27y) [ly|" 2, so that:

V- f@) = sien (") ol y"z — g el
= Mol 72| - 5 (ol
= () = 5 (i)’
= 50’

Since such an z exists for every y, this shows that:

fy) = sup(y'z—f(z))
(lyll")?

A%
N |

Combining these results:

(Ilyll*)*

N |



2  Duality

Suppose that we wish to optimize the following problem:

minimize : fy(z)
subject to :  f;(x) <0

With dom f; = domh; = R™. The Lagrangian is:

L(x,\v) = fo(f)+z)\ifi($)+ZVihi($)

When A > 0 and z is feasible (so that f; (z) <0 for ¢ > 0 and h; (z) = 0):

L(z,\v) = folz)+ inﬁ (z)
S fo(x)

A

The Lagrange dual function as:

g\ v) = infL(x,\v)
And since for any A = 0, we have that L (z, \,v) < fy (z) for all feasible z, it follows that:
g\wv) < p
When A # 0 and g (A, v) > —o0, we call the point (X, v) dual feasible.

2.1 Relation to convex conjugates (Boyd and Vandenberghe, section 5.1.6)

Consider the following problem:

minimize : fy(z)
subject to : Ax <b
Cx =

The Lagrangian will be:

L(z,\v) = fo(z)+ Z i (A;?'::x —b;) + Zl/i (CZT:E —d;)

fo (@) + AT (Az — b) + T (Cz — d)

So that the Lagrange dual will be:



g\ v) = inf(fo(z)+ XAz +v"Cz) —ATb—0v"d
= —sup ((-AN"A-v"C)z— fo(2)) = ATb—v"d
= —f(=ATA-vTC) = Nb-1v"4d

Where f* is the convex conjugate of f.

2.1.1 Equality constrained norm minimization (Boyd and Vandenberghe, page 221)

Consider the following problem:

minimize : fo(x) = | z||
subject to : Ax=0b

From the above:

g\v) = —=f§ (—VTA) —vTh
While from section 1.3.3:

. _Jo if ly|" <1

o) = { 00 if |yl|* > 1

Hence:

gAv) = {

<1
—00 if >

—Th if ‘ v
|

2.1.2 Entropy maximization (Boyd and Vandenberghe, page 222)

Consider the following problem:

minimize : fo(z) = Z x; logy x;

subject to : Ax <b

Note that there is an implicit constraint that = > 0, if we adopt the convention that 0log0 = 0. This problem
can be interpreted as that of finding a multinomial distribution (the constraints z > 0 and 17z = 1 force x to be
a probability distribution), subject to a set of linear conditions on each of the probabilities, which maximizes the
entropy (we minimize the negative entropy).

From the above:

g\v) = —=f§ (—)\TA—I/T)—)\Tb—V



By section 1.1, the convex conjugate of Y7 | x;log, z; satisfies fi (y) = Y., h* (x;), where h* is the convex
conjugate of h (z) = xlogy z. The convex conjugate of h () satisfies h* (y) = sup, (yx — xlog, ). For fixed y, note

that yx — xlog, x is a continuous function of . Also, lim,_, (yx — xlog, ) = —oo, and for z = 0 we have that
yx — xlog, x = 0. Hence, this function is maximized where % (yx — xlogy x) = 0, provided that the function value
at such a point (if it exists) is at least 0. Since - (yz — zlog, ) = y — log, © — 1, we have that z = 2v~! > 0, so

that h* (y) = y2v=! — 2v~1log, 2v~1 = 2¥~1. Therefore, f§ (y) = > 1, 2¥ L

g = =3 2m (A 3Ty,
1=1

= ot ST (M) Ty

i=1



